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Abstract
In this paper, we characterize an associative ring over which any n × n (n  2) square
matrix A can be written as LUM , where L,M are lower triangular, U is upper triangular and
L and U have all their diagonal entries 1.
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1. Introduction
A ring R is said to have Bass stable rank 1 in case aR + bR = R implies that
a + by ∈ U(R) for a y ∈ R. Clearly, R has Bass stable rank 1 if and only if ax + b =
1 with a, x, b ∈ R implies that a + by ∈ U(R) for a y ∈ R (cf. [4,5]). One of the
most important features of Bass stable rank 1 condition is cancellation of related
modules from direct sums. In [1, Theorem 4], Ara proved that every strongly π-
regular ring has Bass stable rank 1. Also we know that every exchange ring with
artinian primitive factors has Bass stable rank 1 (cf. [14, Theorem 1]). The Bass
stable rank 1 condition is left-right symmetric.
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The m × n matrix A = (aij ), 1  i  m, 1  j  n, is said to be diagonal if
aij = 0 for all i /= j . The m × n matrix A admits diagonal reduction if there exist
P ∈ GLm(R) and Q ∈ GLn(R) such that PAQ is a diagonal matrix. We say that R
is a right (left) Hermite ring if every 1 × 2 (2 × 1) matrix admits diagonal reduction,
and if both, R is an Hermite ring. It is well known that every strongly separative
regular ring is a Hermite ring (cf. [3, Proposition 4.2]).
The main purpose of this paper is the study of products of three triangular matrices
over associative rings. In 1999, Nagarajan et al. [10] treated the problem that whether
every square matrix over a field should be a product of three triangular matrices.
They showed that any square matrix over a field is the product of at most three
triangular matrices. After that they (2002) proved that a commutative ring R is a
Hermite ring having Bass stable rank 1 if and only if every square matrix A can
be written as A = LUM,L ∈ L, U ∈ U,M ∈ L and in U and M all the diagonal
entries are equal to 1. But their technique can not be generalized to non-commutative
rings (cf. [11, Lemma 1.2]). In this paper, we show that this result can be extended
to any associative ring by a new route. We refer the readers to [2,8,9] for diagonal
reduction of matrices.
Throughout, all rings are associative with identity. The notation U(R) denotes the
group of units of R,Mn(R) denotes the n × n matrix ring over a ring R and GLn(R)
denotes the n dimensional general linear group of R.
2. LUL decomposition
The set of all lower triangular matrices is denoted by L, i.e., L = {aij | aij =
0 whenever i < j}. The set of all upper triangular matrices is denoted by U, i.e.,
U = {aij | aij = 0 whenever i > j}. [13, Theorem 1] showed that if R has Bass sta-
ble rank 1, then every invertible square matrix over R belongs toLUL, whereLUL =
{λρµ | λ,µ ∈ L, ρ ∈ U}. [11, Proposition 1.3] showed that the converse is true for
2 × 2 matrices over commutative rings. Linear equations have particularly trans-
parent solutions when the matrix of coefficients is either lower triangular or upper
triangular. LUL decomposition for a matrix is found useful in Numerical Analysis.
Now we generalize [11, Proposition 1.3] as follows.
Lemma 2.1. Let n  2 be a positive integer. Then the following are equivalent:
(1) R has Bass stable rank 1.
(2) For any U ∈ GLn(R), we have
U =


∗
∗ ∗
...
...
.
.
.
∗ ∗ · · · ∗


n×n


1 ∗ · · · ∗
1 · · · ∗
.
.
.
...
1


n×n


1
∗ 1
...
...
.
.
.
∗ ∗ · · · 1


n×n
.
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Proof. (1) ⇒ (2) is clear by [13, Theorem 1].
(2) ⇒ (1) Suppose that ax + b = 1 with a, x, b ∈ R. Then

a b
−1 x
1
.
.
.
1


=


x xa − 1
1 a
1
.
.
.
1


−1
∈ GLn(R).
So we have

a b
−1 x
1
.
.
.
1


−1
n×n
=


c1
∗ c2
∗ ∗ c3
...
...
...
.
.
.
∗ ∗ ∗ · · · cn


n×n


1 ∗ ∗ · · · ∗
1 ∗ · · · ∗
1 · · · ∗
.
.
.
...
1


n×n


1
∗ 1
∗ ∗ 1
...
...
...
.
.
.
∗ ∗ ∗ · · · 1


n×n
.
Clearly, all ci ∈ U(R). Furthermore, we get

a b
−1 x
1
.
.
.
1


n×n
=


1
∗ 1
∗ ∗ 1
...
...
...
.
.
.
∗ ∗ ∗ · · · 1


n×n


1 ∗ ∗ · · · ∗
1 ∗ · · · ∗
1 · · · ∗
.
.
.
...
1


n×n


c−11
∗ c−12
∗ ∗ c−13
...
...
...
.
.
.
∗ ∗ ∗ · · · c−1n


n×n
.
Hence we have a y ∈ R such that

a b
−1 x
1
.
.
.
1


n×n


c1
y c2
∗ ∗ c3
...
...
...
.
.
.
∗ ∗ ∗ · · · cn


n×n
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=


1
∗ 1
∗ ∗ 1
...
...
...
.
.
.
∗ ∗ ∗ · · · 1


n×n


1 ∗ ∗ · · · ∗
1 ∗ · · · ∗
1 · · · ∗
.
.
.
...
1


n×n
.
So ac1 + by = 1; hence, a + byc−11 = c−11 ∈ U(R). Therefore R has Bass stable
rank 1. 
Theorem 2.2. Let n  2 be a positive integer. Then the following are equivalent:
(1) If A ∈ Mn(R), then A can be written as A = LUM,L ∈ L, U ∈ U, M ∈ L and
in U and M all the diagonal entries are equal to 1.
(2) If A ∈ Mn(R), then A can be written as A = ULV , U ∈ U, L ∈ L, V ∈ U and
in L and V all the diagonal entries are equal to 1.
(3) R is a right Hermite ring having Bass stable rank 1.
Proof. (1) ⇒ (3) In view of Lemma 2.1, R has Bass stable rank 1. Thus it suffices
to show that R is a right Hermite ring. Let a, b ∈ R, we have


a b 0 · · · 0
0 0 0 · · · 0
0 0 0 · · · 0
...
...
...
.
.
.
...
0 0 0 · · · 0


n×n
∈ Mn(R).
Hence there exist c1, c2, · · · , cn ∈ R such that


a b 0 · · · 0
0 0 0 · · · 0
0 0 0 · · · 0
...
...
...
.
.
.
...
0 0 0 · · · 0


n×n
=


c1
∗ c2
∗ ∗ c3
...
...
...
.
.
.
∗ ∗ ∗ · · · cn


n×n


1 ∗ ∗ · · · ∗
1 ∗ · · · ∗
1 · · · ∗
.
.
.
...
1


n×n


1
∗ 1
∗ ∗ 1
...
...
...
.
.
.
∗ ∗ ∗ · · · 1


n×n
.
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This means that

a b 0 · · · 0
0 0 0 · · · 0
0 0 0 · · · 0
...
...
...
.
.
.
...
0 0 0 · · · 0


n×n


1
∗ 1
∗ ∗ 1
...
...
...
.
.
.
∗ ∗ ∗ · · · 1


n×n


1 ∗ ∗ · · · ∗
1 ∗ · · · ∗
1 · · · ∗
.
.
.
...
1


n×n
=


c1
∗ c2
∗ ∗ c3
...
...
...
.
.
.
∗ ∗ ∗ · · · cn


n×n
.
Thus we get(
a b
0 0
)(
1 0
∗ 1
)(
1 ∗
0 1
)
=
(
c1 0
∗ c2
)
.
Set (
1 0
∗ 1
)(
1 ∗
0 1
)
=
(
1 s
t z
)
.
Then
(
1 s
t z
)
∈ GL2(R). In addition, we see that a + bt = c1 and as + bz = 0.
Therefore
(a, b)
(
1 s
t z
)
= (c1, 0).
Consequently, R is a right Hermite ring.
(3) ⇒ (1) Let A ∈ Mn(R). Since R is a right Hermite ring, by an argument of
Kaplansky (see [11, Theorem 2.5]), there exists a P ∈ L and a V ∈ GLn(R) such
that A = PV . By virtue of Lemma 2.1, we have
V =


∗
∗ ∗
...
...
.
.
.
∗ ∗ · · · ∗


n×n


1 ∗ · · · ∗
1 · · · ∗
.
.
.
...
1


n×n


1
∗ 1
...
...
.
.
.
∗ ∗ · · · 1


n×n
.
Therefore we get A = LUM , where
L = P


∗
∗ ∗
...
...
.
.
.
∗ ∗ · · · ∗


n×n
, M =


1
∗ 1
...
...
.
.
.
∗ ∗ · · · 1


n×n
∈ L
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and U =


1 ∗ · · · ∗
1 · · · ∗
.
.
.
...
1


n×n
∈ U, as required.
(1) ⇔ (3) is analogous. 
Let A be a n × n matrix over a ring R. The notation AT stands for the transpose
of A.
Corollary 2.3. Let n  2 be a positive integer. Then the following are equivalent:
(1) If A ∈ Mn(R), then A can be written as A = LUM, L ∈ L, U ∈ U, M ∈ L and
in L and U all the diagonal entries are equal to 1.
(2) If A ∈ Mn(R), then A can be written as A = ULV,U ∈ U, L ∈ L, V ∈ U and
in U and L all the diagonal entries are equal to 1.
(3) R is a left Hermite ring having Bass stable rank 1.
Proof. (1) ⇒ (3) Let Aop ∈ Mn(Rop). Then AT ∈ Mn(R), so AT can be written as
AT = ULV,U ∈ U, L ∈ L, V ∈ U and in U and L all the diagonal entries are equal
to 1. This means that Aop = (V op)T(Lop)T(Uop)T. Obviously, (V op)T, (Uop)T ∈ L
and (Lop)T ∈ U. In addition, in (Lop)T and (Uop)T all the diagonal entries are 1op.
By Theorem 2.2, Rop is a right Hermite ring having Bass stable rank 1, as required.
(3) ⇒ (1) Clearly, Rop is a right Hermite ring having Bass stable rank 1. Given
any A ∈ Mn(R), we have (Aop)T ∈ Mn(Rop). It follows by Theorem 2.2 that (Aop)T
can be written as (Aop)T = LUM , L ∈ L, U ∈ U, M ∈ L and in U and M all the
diagonal entries are equal to 1op. Hence A = (Mop)T(Uop)T(Lop)T. In addition, we
have (Mop)T , (Lop)T ∈ U, (Uop)T ∈ L and in (Mop)T and (Uop)T all the diagonal
entries are equal to 1.
(2) ⇔ (3) is proved in the same manner. 
Example 2.4. Let R be a unit-regular ring, and let A =

0 0 00 1 0
1 0 0


. If A can be
expressed as LUM where L,M ∈ L, U ∈ U and in L and M all the diagonal entries
are equal to 1. Then AM−1 = LU, while the (3, 1)-entry of AM−1 is 1, the (3, 1)-
entry of LU is 0, a contradiction. This means that A cannot be expressed as LUM
where L,M ∈ L, U ∈ U and in L and M all the diagonal entries are equal to 1. But
in accordance with Theorem 2.2, we have
A =

1 0 00 1 0
0 0 1



1 0 −10 1 0
0 0 1



1 0 00 1 0
1 0 0


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=

0 0 00 1 0
1 0 1



1 0 −10 1 0
0 0 1



1 0 00 1 0
0 0 1

 .
3. Regular ideals
Let I be an ideal of a ring R. We say that I is regular in case for every x ∈ I there
exists y ∈ R such that x = xyx. We call that R is a regular ring in case R is regular
as an ideal of R. Clearly, every regular right (left) Hermite ring is a Hermite ring. A
regular ring is unit-regular provided that it has Bass stable rank 1. In this section, we
investigate square matrices over regular ideals of a ring.
Lemma 3.1. Let R be a unit-regular ring. If A ∈ Mn(R) (n  2), then A can be
written as A = LUM,L ∈ L, U ∈ U,M ∈ L and in U and M all the diagonal
entries are equal to 1, and A can be written as A = LUM,L ∈ L, U ∈ U,M ∈ L
and in L and U all the diagonal entries are equal to 1.
Proof. In view of [3, Proposition 4.2], R is a Hermite ring. Clearly, R has Bass
stable rank 1. Therefore we get the result by Theorem 2.2. 
The following lemma can be found in [6, Lemma 5.1]. We include its proof to make
our paper self-contained.
Lemma 3.2. Let I be a regular ideal of a ring R and x1, x2, . . . , xm ∈ I. Then there
exists an idempotent e ∈ I such that xi ∈ eRe for all i = 1, 2, . . . , m.
Proof. Clearly there exist idempotents u, v ∈ I such that uR =∑mi=1 xiR and Rv =∑m
i=1 Rxi . It is enough to show that there exists e = e2 ∈ I with eu = u = ue and
ev = v = ve. Next, fR = uR + vR for some f = f 2 ∈ I . As uR ⊆ fR, we have
some k ∈ R such that u = f k. Hence f u = f (f k) = f k = u. Likewise, we have
f v = v. Set g = f + u(1 − f ). Obviously, g2 = g ∈ I , ug = u = gu and gv = v.
It is enough to show that there exists e = e2 ∈ I with eg = g = ge and ev = v = ve.
Pick an idempotent h ∈ I with Rg + Rv = Rh. Clearly, gh = g and vh = v. Set
e = h + (1 − h)g. Obviously, e = e2 ∈ I , eg = g = ge and ev = v = ve because
gv = v. 
Let I be an ideal of a ring R. We say that I has Bass stable rank 1 if aR + bR = R
with a ∈ 1 + I, b ∈ R implies that a + by ∈ U(R) for a y ∈ R. It is well known that
an ideal of a regular ring R has Bass stable rank 1 if and only if eRe is unit-regular
for any idempotent e ∈ I .
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Theorem 3.3. Let I be a regular ideal of a ring R, and let A ∈ Mn(I). If I has
Bass stable rank 1, then the following hold:
(1) A can be written as A = LUM,L ∈ L, U ∈ U,M ∈ L and in U and M all the
diagonal entries are equal to 1.
(2) A can be written as A = LUM,L ∈ L, U ∈ U,M ∈ L and in L and U all the
diagonal entries are equal to 1.
Proof. (1) Let A = (aij ) ∈ Mn(I). Since all aij ∈ I , by Lemma 3.2, we have an
idempotent e ∈ I such that all aij ∈ eRe; hence, A ∈ Mn(eRe). As I has Bass stable
rank 1, eRe is unit-regular. It follows by Theorem 2.2 that A can be written as A =
LUM,L∈L, U ∈U,M ∈ L and in U and M all the diagonal entries are equal to e.
One directly checks that A = (L + diag(1 − e, . . . , 1 − e))(U + diag(1 − e, . . . ,
1 − e))M and in in L + diag(1 − e, . . . , 1 − e) and U + diag(1 − e, . . . , 1 − e) all
the diagonal entries are equal to 1. In addition, we have L + diag(1 − e, . . . , 1 − e),
M ∈ L and U + diag(1 − e, . . . , 1 − e) ∈ U as matrices over R.
(2) is proved in the same manner. 
Recall that a right R-module A is directly finite if A is not isomorphic to any proper
direct summand of itself.
Corollary 3.4. Let R be a regular, right self-injective ring, and let A = (aij ) ∈
Mn(R). If all aijR are directly finite right R-modules, then the following hold:
(1) A can be written as A = LUM,L ∈ L, U ∈ U,M ∈ L and in U and M all the
diagonal entries are equal to 1.
(2) A can be written as A = LUM,L ∈ L, U ∈ U,M ∈ L and in L and U all the
diagonal entries are equal to 1.
Proof. Let I = {x ∈ R | xR is a directly finite right R-module}. Since R is a reg-
ular, right self-injective ring, by [7, Corollary 9.21], I is an ideal of R. Given any
idempotent e ∈ I , then eR is directly finite right R-module. By [7, Theorem 9.17],
eRe ∼=EndR(eR) has Bass stable rank 1; hence, I as an ideal of R has Bass stable
rank 1. So the result follows by Theorem 3.3. 
Corollary 3.5. Let R be a regular ring, and let A = (aij ) ∈ Mn(R). If every ideal
RaijR (1  i, j  n) of R has Bass stable rank 1, then the following hold:
(1) A can be written as A = LUM,L ∈ L, U ∈ U,M ∈ L and in U and M all the
diagonal entries are equal to 1.
(2) A can be written as A = LUM,L ∈ L, U ∈ U,M ∈ L and in L and U all the
diagonal entries are equal to 1.
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Proof. Set I =∑1i,jn RaijR. Since all RaijR have Bass stable rank 1, by [12,
Theorem 4], so has I . This means that I is a regular ideal having Bass stable rank 1.
As A ∈ Mn(I), we complete the proof by Theorem 3.3. 
4. Other decompositions
In this section, we investigate other decompositions of matrices over a Hermite
ring having Bass stable rank 1. We set
 =


0 0 · · · 0 1
0 0 · · · 1 0
...
...
.
.
.
...
...
0 1 · · · 0 0
1 0 · · · 0 0


n×n
and useW and N to denote the sets of all triangular matrices

0 0 · · · 0 ∗
0 0 · · · ∗ ∗
...
...
.
.
.
...
...
0 ∗ · · · ∗ ∗
∗ ∗ · · · ∗ ∗


n×n
and


∗ ∗ · · · ∗ ∗
∗ ∗ · · · ∗ 0
...
...
.
.
.
...
...
∗ 0 · · · 0 0


n×n
,
respectively.
Lemma 4.1. Let n  2 be a positive integer. Then the following are equivalent:
(1) R has Bass stable rank 1.
(2) For any U ∈ GLn(R), we have
U =


∗
∗ ∗
.
.
.
.
.
.
.
.
.
∗ ∗ · · · ∗


n×n



1
∗ 1
.
.
.
.
.
.
.
.
.
∗ ∗ · · · 1


n×n


1 ∗ · · · ∗
1 · · · ∗
.
.
.
.
.
.
1


n×n
.
Proof. (1) ⇒ (2) Since U = (uij )n×n ∈ GLn(R), we have V = (vij )n×n ∈ Mn(R)
such that UV = In. Hence ∑ni=1 univin = 1. As R has Bass stable rank 1, we can
find y1 ∈ R such that∑n−1i=1 u1ivi1y1 + u1n = u1 ∈ U(R). So we deduce that

1 0 0 · · · 0
∗ 1 0 · · · 0
∗ 0 1 · · · 0
...
...
...
.
.
.
...
∗ 0 0 · · · 1


U


1 0 · · · 0 v11y1
0 1 · · · 0 v21y1
...
...
.
.
.
...
...
0 0 · · · 1 v(n−1)1y1
0 0 · · · 0 1


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=


u′11 u′12 · · · u′1(n−1) u1
u′21 u′22 · · · u′2(n−1) 0
...
...
.
.
.
...
...
un1 u
′
n2 · · · un(n−1) 0

 .
Set
K1 =


1 0 0 · · · 0
∗ 1 0 · · · 0
∗ 0 1 · · · 0
...
...
...
.
.
.
...
∗ 0 0 · · · 1


, L1 =


1 0 · · · 0 v11y1
0 1 · · · 0 v21y1
...
...
.
.
.
...
...
0 0 · · · 1 v(n−1)1y1
0 0 · · · 0 1


and U1 =


u′21 u′22 · · · u′2(n−1)
u′31 u′32 · · · u′3(n−1)
...
...
.
.
.
...
u′n1 u′n2 · · · u′n(n−1)

 .
Then K1UL1 =
( ∗ u1
U1 0
)
,K1 ∈ L and L1 ∈ U. In addition, K1 and L1 have all
their diagonal entries 1.
Clearly, U1 ∈ GLn−1(R). By the same manner, we get u2 ∈ U(R),K ′2 ∈ L and
L′2 ∈ U. In addition, K ′2 and L′2 have all their diagonal entries 1 such that K ′2U1L′2 =( ∗ u2
U2 0
)
. Therefore
diag(1,K ′2)K1UL1diag(L′2, 1) = diag(1,K ′2)
( ∗ u1
U1 0
)
diag(L′2, 1)
=

 ∗ ∗ u1∗ u2 0
U3 0 0

 .
Set K2 = diag(1,K ′2)K1 and L2 = L1diag(L′2, 1). Then K2 ∈ L, L2 ∈ U and K2
and L2 have all their diagonal entries 1. Furthermore, we see that
K2UL2 =

 ∗ ∗ u1∗ u2 0
U3 0 0

 .
Analogously, we get u3, . . . , un ∈ U(R) such that
KUL =


∗ · · · ∗ u1
∗ · · · u2 0
...
.
.
.
...
...
un · · · 0 0


n×n
,
where K ∈ L, L ∈ U and K and L have all their diagonal entries 1. Thus we can find
some M ∈ L such that
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KULM =


0 · · · 0 u1
0 · · · u2 0
...
.
.
.
...
...
un · · · 0 0


n×n
.
Therefore U = (K−1diag(u1, . . . , un))M−1L−1, as required.
(2) ⇒ (1) Suppose that ax + b = 1 with a, x, b ∈ R. Then


1
1
.
.
.(
b a
x −1
)


=


1
1
.
.
.(
1 a
x xa − 1
)−1


∈ GLn(R).
So we have

1
1
.
.
.(
b a
x −1
)


=


c1
∗ c2
∗ ∗ c3
...
...
...
.
.
.
∗ ∗ ∗ · · · cn


n×n



1
∗ 1
∗ ∗ 1
...
...
...
.
.
.
∗ ∗ ∗ · · · 1


n×n


1 ∗ ∗ · · · ∗
1 ∗ · · · ∗
1 · · · ∗
.
.
.
...
1


n×n
.
Clearly, all ci ∈ U(R). Furthermore, we have
−1


c−11
∗ c−12
∗ ∗ c−13
...
...
...
.
.
.
∗ ∗ ∗ · · · c−1n


n×n


1
1
.
.
.(
b a
x −1
)


=


1
∗ 1
∗ ∗ 1
...
...
...
.
.
.
∗ ∗ ∗ · · · 1


n×n


1 ∗ ∗ · · · ∗
1 ∗ · · · ∗
1 · · · ∗
.
.
.
...
1


n×n
.
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Thus we can find some z ∈ R such that zb + c−1n x = 1; hence, x + cnzb ∈ U(R).
This infers that a + by ∈ U(R) for a y ∈ R. Therefore R has Bass stable
rank 1. 
Theorem 4.2. Let n  2 be a positive integer. Then the following are equivalent:
(1) If A ∈ Mn(R), then A can be written as A = WLU,W ∈W, L ∈ L, U ∈ U and
in L and U all the diagonal entries are equal to 1.
(2) If A ∈ Mn(R), then A can be written as A = WUL,W ∈ N, U ∈ U, L ∈ L and
in U and L all the diagonal entries are equal to 1.
(3) R is a right Hermite ring having Bass stable rank 1.
Proof. (1) ⇒ (3) By Lemma 4.1, R has Bass stable rank 1. It will suffice to prove
that R is a right Hermite ring. Let a, b ∈ R. Then there exist c1, c2, . . . , cn ∈ R and
y ∈ R such that


0 0 0 · · · 0
0 0 0 · · · 0
...
...
...
.
.
.
...
b a 0 · · · 0
0 0 0 · · · 0


n×n
=


c1
∗ c2
...
...
.
.
.
∗ ∗ · · · cn−1
∗ ∗ · · · y cn


n×n



1
∗ 1
∗ ∗ 1
...
...
...
.
.
.
∗ ∗ ∗ · · · 1


n×n


1 ∗ ∗ · · · ∗
1 ∗ · · · ∗
1 · · · ∗
.
.
.
...
1


n×n
.
This infers that


0 0 0 · · · 0
0 0 0 · · · 0
.
.
.
.
.
.
.
.
.
.
.
.
.
.
.
b a 0 · · · 0
0 0 0 · · · 0


n×n


1 ∗ ∗ · · · ∗
1 ∗ · · · ∗
1 · · · ∗
.
.
.
.
.
.
1


n×n


1
∗ 1
∗ ∗ 1
.
.
.
.
.
.
.
.
.
.
.
.
∗ ∗ ∗ · · · 1


n×n
=


c1
∗ c2
∗ ∗ c3
.
.
.
.
.
.
.
.
.
.
.
.
∗ ∗ ∗ · · · cn


n×n
.
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Thus we get(
b a
0 0
)(
1 ∗
0 1
)(
1 0
∗ 1
)
=
(
0 cn−1
cn ∗
)
.
Set (
1 ∗
0 1
)(
1 0
∗ 1
)
=
(
z s
t 1
)
.
Then
(
1 t
s z
)
=
(
0 1
1 0
)(
z s
t 1
)(
0 1
1 0
)
∈ GL2(R). Furthermore, we get at+
bz = 0 and a+ bs = cn−1. Therefore
(a, b)
(
1 t
s z
)
= (cn−1, 0).
That is, R is a right Hermite ring.
(3) ⇒ (1) Let A ∈ Mn(R). As R is a right Hermite ring, we have a P ∈ L and a
V ∈ GLn(R) such that A = PV . Using Lemma 4.1, we have
V =


∗
∗ ∗
.
.
.
.
.
.
.
.
.
∗ ∗ · · · ∗


n×n



1
∗ 1
.
.
.
.
.
.
.
.
.
∗ ∗ · · · 1


n×n


1 ∗ · · · ∗
1 · · · ∗
.
.
.
.
.
.
1


n×n
.
So A = WLU , where
W = P


∗
∗ ∗
...
...
.
.
.
∗ ∗ · · · ∗


n×n
, L =


1
∗ 1
...
...
.
.
.
∗ ∗ · · · 1


n×n
∈ L
and U =


1 ∗ · · · ∗
1 · · · ∗
.
.
.
...
1


n×n
∈ U, as required.
(2) ⇔ (3) is proved by the symmetry. 
Corollary 4.3. Let R be unit-regular, and let A ∈ Mn(R)(n  2). Then the follow-
ing hold:
(1) A can be written as A = WLU,W ∈W, L ∈ L, U ∈ U and in L and U all the
diagonal entries are equal to 1.
(2) A can be written as A = LUW,L ∈ L, U ∈ U,W ∈W and in L and U all the
diagonal entries are equal to 1.
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As immediate consequences of theorem above, we obtain the following corollaries,
which can be proved analogously to Theorem 3.3 and Corollary 3.5.
Corollary 4.4. Let I be a regular ideal of a ring R, and let A ∈ Mn(I). If I has
stable rank 1, then the following hold:
(1) A can be written as A = WLU,W ∈W, L ∈ L, U ∈ U and in L and U all the
diagonal entries are equal to 1.
(2) A can be written as A = LUW,L ∈ L, U ∈ U,W ∈W and in L and U all the
diagonal entries are equal to 1.
Corollary 4.5. Let R be a regular ring, and let A = (aij ) ∈ Mn(R). If every ideal
RaijR(1  i, j  n) of R has stable rank 1, then the following hold:
(1) A can be written as A = WLU,W ∈W, L ∈ L, U ∈ U and in L and U all the
diagonal entries are equal to 1.
(2) A can be written as A = LUW,L ∈ L, U ∈ U,W ∈W and in L and U all the
diagonal entries are equal to 1.
Example 4.6. Let R be a field. Then
(
0 1
1 0
)
∈ LU,
(
1 0
0 1
)
∈ UW,
(
1 0
0 1
)
∈
LW. Thus we do need three matrices in Theorem 4.2. Let A =

0 0 00 1 0
0 0 1


. If A
can be expressed as LUW where L ∈ L, U ∈ U,W ∈W and in U and W all the
diagonal entries are equal to 1. Then AW−1 = LU , while the (1, 3)-entry of AW−1
is 1 and the (1, 3)-entry of LU is 0. This gives a contradiction. So A cannot be
expressed as LUW where L ∈ L, U ∈ U,W ∈W and in U and W all the diagonal
entries are equal to 1.
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